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Course Introduction

1. Course introduction

2. Introduction to epidemiology and spatial statistics

3. Overview of mixed models

4. Overview of mixed models - Practicals

5. Introduction to INLA and R INLA

6. R INLA - Practicals
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Course introduction

7. Disease mapping. Standardisation of incidence and mortality rates

8. Disease mapping. Smoothing standardised incidence and mortality

rates

9. Disease mapping – Practicals

10. Geographical association studies. Spatial ecological regression

11. Spatial ecological regression - Practicals
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Course introduction

12. Clustering

13. Extensions: BYM2, point processes, leaflet, pc priors

14. Extensions – Practicals
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1. Bayesian statistics

2. INLA

3. R INLA
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3. R INLA
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Bayesian statistics

Ø Very schematically, it could be said that for frequentists (classical statisticians),

probability is considered as the limit of the relative frequency when an experiment is

performed repeatedly a very large number of times under identical conditions..

Ø For Bayesians, on the other hand, probability is the fundamental measure of

uncertainty and this subjective concept of probability must be constructed with

scientific judgment..
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Ø In a Bayesian model, we generally want the a posteriori distribution for our models

(e.g., the distribution of parameters given the data), or a posteriori predictive

distributions (for extrapolation/prediction - the distribution of new values given the

observed ones)
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Ø The a posteriori distribution is equal to the probability of observing the data

multiplied by the a priori distribution of the parameters (or priors), with a

normalization constant (so that the a posteriori integral is equal to 1).

Ø In a more simplified way (without considering the constant of normalisation)
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𝜃 is the vector of parameters.

𝑝 𝑦 𝜃 is known as likelihood (the model).

𝑝 𝜃 is the a priori distribution, or priors.
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Ø The choice of the priors to be used in each case is a subjective choice and must often

be decided on the basis of expert judgment and the type of data available

Ø When the a posteriori distribution is from the same family as the a priori distribution

used, we talk about conjugate distributions.

Ø The advantage of using these is that “priors” have good mathematical properties

calculate the a posteriori distributions.

Conjugated priors
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Ø In a frequentist approximation (estimation) we often maximize the probability of

the data (that is, the likelihood), using numerical methods, such as Newton-Raphson

or others, to obtain a point estimate of a given parameter (which we see as non-

random – in other words, fixed – but unknown).

Ø In a Bayesian approximation (computing or inference) we obtain an a posteriori

distribution for the parameter (which is considered to be a random variable), for which

we can provide summary statistics (mean, median or mode) and quantiles to directly

obtain intervals of credibility.
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Ø The problem with Bayesian approximation is that while the likelihood and a priori

distribution are easy to obtain, 𝑝 𝜃 𝑦 tends to be analytically intractable (especially

when we do not use conjugated priors).
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Bayesian computing

Ø We want to obtain the (marginal) a posteriori distribution, 𝑝 𝜃 𝑦 :

𝑝 𝜃! 𝑦 = %%…%𝑝 𝜃 𝑦 𝑑𝜃(#!)

where 𝜃(#!) denotes vector 𝜃 excluding the component i.
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Bayesian computing

Ø In general, the integrals are intractable and numerical methods like Markov chain

Monte Carlo (MCMC) methods are used to simulate samples of conditional

distributions and to calculate the marginal distribution of each parameter of interest.

Ø A sequence of random variables form a Markov chain if .

Ø That is, conditioned to the value , is independent of , ..., .
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Ø There are various algorithms to design Markov chains.

Ø Among them, the ‘Gibbs sampling’ algorithm is one of the simplest of the MCMC.

Ø However, there are also others: Metropolis, Metropolis-Hastings, etc.
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Gibss sampling

Ø Let be a vector of unknown parameters

1. Initial values are chosen for the components.

2. is sampled from

is sampled from

is sampled from

3. Stage 2 is repeated many times. If the number of repetitions is very high we obtain a

simple for .
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Bayesian computing

Ø We want to obtain the (marginal) a posteriori distribution, 𝑝 𝜃 𝑦 :

𝑝 𝜃! 𝑦 = %%…%𝑝 𝜃 𝑦 𝑑𝜃(#!)

where 𝜃(#!) denotes the vector 𝜃 excluding the component i.

Centro de Investigación Biomédica en Red
Epidemiología y Salud Pública

Centro de Investigación Biomédica en Red
Epidemiología y Salud Pública

Centro de Investigación Biomédica en Red
Epidemiología y Salud Pública

Interval of credibility at 95%Mean Median



19

Bayesian computing

Ø MCMC have been developed in software such as WinBUGS.

Ø MCMC are slow, do not scale well (in other words, results are not invariant to changes

in scale and/or sample size) and, for some complex models, they can fail (the model

will not converge). More recent programming (JAGS, Stan) has attempted to

overcomes these challenges.
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Bayesian computing

Ø Alternative INLA (Integrated Nested Laplace Approximations).
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1. Bayesian statistics

2. INLA

3. R INLA
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INLA

Ø MCMC is an asymptotically exact method, while INLA is an approximation.

Ø Empirically, the MCMC error and the INLA error tend to be very similar, as has been

demonstrated in many simulation studies.
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Simple linear regression Poisson regression with random effects (non-structured) in the constant
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Random field, Gaussian field (GF), Gaussian Markov Random Field (GMRF)

Ø When using Bayesian inferences for GMRF, INLA can be used (instead of MCMC).
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Random field, Gaussian field (GF), Gaussian Markov Random Field (GMRF)

Ø Gaussian field (GF).
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GF, Big n problema, Gaussian Markov Random Field (GMRF)

Ø Suppose we have COVID-19 incidence data for 6 health areas, with the following

geographical distribution:

Centro de Investigación Biomédica en Red
Epidemiología y Salud Pública

Centro de Investigación Biomédica en Red
Epidemiología y Salud Pública

Centro de Investigación Biomédica en Red
Epidemiología y Salud Pública

1 2 3
4 5 6
7 8 9

INLA

5. Introduction to INLA and R INLA



26

GF, Big n problem, Gaussian Markov Random Field (GMRF)

Ø Among other things, we want to estimate the speed of COVID-19 transmission in these

health areas (that is, correlation).
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GF, Big n problem, Gaussian Markov Random Field (GMRF)

Ø Among other things, we want to estimate the speed of COVID-19 transmission in these

health areas (that is, correlation).

Ø It is a 'dense' matrix, with 36 unknown parameters (could it be more than 36? What if it

were 36x2=72?).
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Gaussian Markov Random Field (GMRF)

Ø To resolve the Big n problem, the GMRF impose the assumption of conditional

independence on the GF. For example, there is ‘only’ a direct correlation between the

neighbours.

Ø In this case, we will estimate the correlations (1,2), (1,4), (1,5), (2,3), (2,5), (2,6), (3,5),

(3,6), (4,5), (4,7), (4,8), (5,6), (5,7), (5,8), (5,9), (6,8), (6,9), (7,8) and (8,9).

Ø We have gone from 36 to 19 parameters.
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Gaussian Markov Random Field (GMRF)

Ø In this case, we will estimate the correlations (1,2), (1,4), (1,5), (2,3), (2,5), (2,6), (3,5),

(3,6), (4,5), (4,7), (4,8), (5,6), (5,7), (5,8), (5,9), (6,8), (6,9), (7,8) and (8,9).

Ø This is called a sparse matrix.
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Gaussian Markov Random Field (GMRF)

Ø If, apart from only the ‘adjacent neighbors’ being correlated, the correlation is the

same for all of them, the structure is known as CAR (Conditional autoregressive).
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Gaussian Markov Random Field (GMRF)

GLMM

𝑙𝑛
𝜇𝑖

1 − 𝜇𝑖
= 𝛽%! + 𝛽&𝑥&! + 𝛽'𝑥'!

𝛽%!= 𝛽% + 𝜂!
𝑉𝑎𝑟 𝑦𝑖 𝑥𝑖 = 𝜙𝜇𝑖 1 − 𝜇𝑖

Ø The model is a latent Gaussian model if all the parameters have a Gaussian joint

distributions, that is (𝛽%, 𝛽&, 𝛽', 𝜂!, 𝜙) ~𝑁 0, Σ .

Ø If we assume conditional independence of the observations of xi, the latent Gaussian

model will be a GMRF.
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inla

Gaussian Markov Random Field (GMRF)

Ø We start from Bayesian hierarchical models specified in two stages.

Ø The first stage consists in the observational model 𝜋 𝑦 𝑥 , where y denotes the vector

of observations and x are the unknown parameters, which follow a GMRF 𝜋 𝑥 𝜃 .
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Ø The marginal a posteriori distributions of the GMRF,

Ø They are estimated using the finite sum (evaluated at support points 𝜃( using

appropriate weights ∆()

𝜋 𝑥! 𝑦 =<𝜋 𝑥! 𝜃(, 𝑦 𝜋 𝜃( 𝑦 ∆(

where =𝜋 𝑥! 𝜃(, 𝑦 and =𝜋 𝜃( 𝑦 denotes approximations of 𝜋 𝑥! 𝜃(, 𝑦 and 𝜋 𝜃( 𝑦 ,
respectively.
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Ø The second stage is given by the hyperparameters 𝜃 and the (marginal) a priori

distributions 𝜋 𝜃 (priors).

Ø The marginal a posteriori distribution of the hyperparameters, 𝜋 𝜃 𝑦 , is estimated

using the Laplace approximation,

=𝜋 𝜃 𝑦 ∝ 𝜋 𝑥, 𝜃, 𝑦
=𝜋) 𝑥 𝜃, 𝑦 𝑥 = 𝑥∗ 𝜃

where the denominador =𝜋) 𝑥 𝜃, 𝑦 denotes the Gaussian approximation of 𝜋 𝑥, 𝜃, 𝑦 and

𝑥∗ 𝜃 is the conditional mode.
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1. Bayesian statistics

2. INLA

3. R INLA
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